We study some Weingarten spacelike hypersurfaces in a de Sitter space S n+1 1
. If the Weingarten spacelike hypersurfaces have two distinct principal curvatures, we obtain two classification theorems which give some characterization of the Riemannian product H k (1−coth 2 ̺)× S n−k (1 − tanh 2 ̺), 1 < k < n − 1 in S n+1 1
(1), the hyperbolic cylinder
(1).
Introduction
By an (n + 1)-dimensional Lorentzian space form M (c) is a complete simply connected (n+1)-dimensional Lorentzian manifold with constant curvature c. A hypersurface in a Lorentzian manifold is said to be spacelike if the induced metric on the hypersurface is positive definite.
We know that hypersurfaces with prescribed curvature are called Weingarten hypersurfaces. Weingarten hypersurfaces have been studied by many authors from the point of view of geometric analysis (see [6, 10] ). In this article, we introduce some special Weingarten spacelike hypersurfaces in an (n + 1)-dimensional de Sitter space S n+1 1
(1) and study the curvatures and geometric properties by moving frame method. We give the definition: A spacelike hypersurface in a de Sitter space S n+1 1
(1) is called a linear Weingarten spacelike hypersurface if the scalar curvature R and the mean curvature H satisfy the linear relation αR + βH + γ = 0, where α, β and γ are constants such that α 2 + β 2 = 0. We easily see that if α = 0, β = 0, a linear Weingarten spacelike hypersurface reduces to a spacelike hypersurface with constant mean curvature; if β = 0, α = 0, it reduces to a spacelike hypersurface with constant scalar curvature; if γ = 0, α = 0, β = 0, it reduces to a spacelike hypersurface with the scalar curvature and the mean curvature being linearly related.
We notice that the linear Weingarten spacelike hypersurface is a natural generalization of spacelike hypersurface with constant mean curvature or with constant scalar curvature or the scalar curvature and the mean curvature being linearly related, and the latter three kinds of spacelike hypersurfaces have been intensively studied by many authors (see [2, 5, 7, 8, 12] ). On the other hand, we also notice that Hou and Yang [9] recently introduce the so called linear Weingarten spacelike hypersurfaces, that is, spacelike hypersurfaces satisfying r = aH + b, where r = 1 n(n−1)R is the normalized scalar curvature and H the mean curvature. They give a classification of such hypersurfaces by the sectional curvature or the length of the second fundamental form. We note that Hou and Yang's definition include spacelike hypersurfaces with constant scalar curvature or with the scalar curvature and the mean curvature being linearly related, but not include spacelike hypersurfaces with constant mean curvature. Thus, we see that the definition of this article is a generalization of Hou and Yang's in [9] . For the investigation of the so called Ruled Weingarten hypersurfaces and the low dimensional linear Weingarten surfaces, one can see [4] and [3] .
We denote by (h ij ) the second fundamental form of spacelike hypersurface in a de Sitter space S n+1 1 (1), by H = 1 n n i=1 h ii the mean curvature, and by φ ij the tensor h ij − Hδ ij of the trace free part of the second fundamental form h ij . Let S and ρ 2 be the square of the length of (h ij ) and (φ ij ), respectively. We easily know that ρ 2 = S − nH 2 and ρ 2 = 0 if and only if the spacelike hypersurface is umbilical. We notice that ρ 2 and H are two important invariants of the spacelike hypersurface. It is natural for us to consider spacelike hypersurface with non-zero constant ρ 2 , we call it a constant ρ Weingarten spacelike hypersurface. Obviously, a constant ρ Weingarten spacelike hypersurface is not umbilical.
From now on, we consider the linear Weingarten spacelike hypersurfaces and constant ρ Weingarten spacelike hypersurfaces in a de Sitter space S n+1 1
(1) with two distinct principal curvatures. Since the spacelike hypersurfaces with constant mean curvature are linear Weingarten spacelike hypersurfaces, we in-troduce the well-known standard models of complete linear Weingarten spacelike hypersurfaces and the constant ρ Weingarten spacelike hypersurfaces in a de Sitter space S n+1 1
(1). In particular, the Riemannin product
is called a hyperbolic cylinder or a spherical cylinder in S n+1 1 (1) . By a direct calculation, we have ρ 2 = n−1 n (coth ̺ − tanh ̺) 2 and the mean curvature
where σ = ±1 is the sign of the difference coth ̺ − tanh ̺. We shall prove the following: 
n has two distinct principal curvatures λ and µ of multiplicities n − 1 and 1 and the sectional curvature of M n is nonnegative, then
4n(n−1) and
Denote by P (t) and S(t) the following functions:
and
From Lemma 3.3, we know that P (t) has two distinct real roots t 1 , t 2 .
On the other hand, denote byP (t) and H(t) the following functions:
We know thatP (t) has two distinct real rootst 1 ,t 2 , namely,
We can prove the following: Theorem 1.2. Let M n be an n(n ≥ 3)-dimensional complete connected and oriented linear Weingarten spacelike hypersurface or constant ρ Weingarten spacelike hypersurface in a de Sitter space S n+1 1
(1) with two distinct principal curvatures λ and µ of multiplicities n − 1 and 1. Then
2 and the squared norm of the second fundamental form of M n satisfies one of the following conditions
n is isometric to the hyperbolic cylinder
, where t 1 , t 2 are the two distinct real roots of (1.1) and S(t) is denoted by (1.2);
(2) for constant ρ Weingarten spacelike hypersurface, if the mean curvature of M n satisfies one of the following conditions
, wheret 1 ,t 2 are the two distinct real roots of (1.3) and H(t) is denoted by (1.4).
Preliminaries
Let M n be an n-dimensional space-like hypersurface in an (n+1)-dimensional de Sitter space S n+1 1 (c) with constant sectional curvature c(c > 0). We choose a local field of semi-Riemannian orthonormal frames
and form an orthonormal frame there. We use the following convention on the range of indices:
Let {ω 1 , · · · , ω n+1 } be the dual frame field so that the semi-Riemannian metric of
, where ǫ i = 1 and
The structure equations of S n+1 1 (c) are given by
where
3)
Restrict these forms to M n , we have
Cartan's Lemma implies that
The structure equations of M n are 9) where R ijkl are the components of the curvature tensor of M n and
is the second fundamental form of M n . From the above equation, we have
where R is the scalar curvature of M n , H is the mean curvature, and
is the squared norm of the second fundamental form of M n . We choose e 1 , · · · , e n such that h ij = λ i δ ij . From (2.6) we have
From the curvature forms of S n+1 1 (c),
Since the covariant derivative of the second fundamental form h ij of M n is defined by
Putting ψ ij = (λ i − λ j )ω ij , we have ψ ij = ψ ji and
Proof of Theorems
We firstly state the following Proposition 3.1 original due to Otsuki [11] for Riemannian space forms. (c) such that the multiplicities of the principal curvatures are constant. Then the distribution of the space of the principal vectors corresponding to each principal curvature is completely integrable. In particular, if the multiplicity of a principal curvature is greater than 1, then this principal curvature is constant on each integral submanifold of the corresponding distribution of the space of the principal vectors.
Proof of (1) in Theorem 1.1. Let λ, µ be the principal curvatures of multiplicities k and n − k respectively, where 1 < k < n − 1. If M n is a linear Weingarten spacelike hypersurface in S n+1 1
(1), by (2.11) and αR+βH +γ = 0, we have
if M n is a constant ρ Weingarten spacelike hypersurface, we have
, we obtain an equation of λ and µ, denoted by
Denote by D λ and D µ the integral submanifolds of the corresponding distribution of the space of principal vectors corresponding to the principal curvature λ and µ, respectively. From Proposition 3.1, we know that λ is constant on D λ . From (3.3), we infer that µ is constant on D λ . By making use of Proposition 3.1 again, we have µ is constant on D µ . Therefore, we know that µ is constant on M n . By the same assertion we know that λ is constant on M n . Therefore M n is isoparametric. By the congruence Theorem of Abe, Koike and Yamaguchi (see Theorem 5.1 of [1]), we know that M n is isometric to the Riemannian product H k (1 − coth 2 ̺) × S n−k (1 − tanh 2 ̺) and 1 < k < n − 1. This completes the proof of (1) in Theorem 1.1.
Remark. In fact, we notice that the result of (1) in Theorem 1.1 is true for any Weingarten spacelike hypersurfaces satisfying a differentiable function relating the scalar curvature, the mean curvature and the squared norm of the second fundamental form of M n .
Let M n be an n-dimensional complete linear Weingarten spaclike hypersurface or constant ρ Weingarten spacelike hypersurface with two distinct principal curvatures one of which is simple, that is, without loss of generality, we may assume
where λ i for i = 1, 2, · · · , n are the principal curvatures of M n . If M n is a linear Weingarten spacelike hypersurface, since we assume that
, from (2.11) and αR + βH + γ = 0, we obtain that for c = 1
Since λ = β 2αn(n−1) , from (3.4), we have
If M n is a constant ρ Weingarten spacelike hypersurface, from ρ 2 = S − nH 2 , we obtain that
Thus, we have 9) where σ = ±1 is the sign of the difference λ − µ. Therefore, we know that We denote the integral submanifold through x ∈ M n corresponding to λ by M n−1 1
From Proposition 3.1, we have
From (3.6) or (3.11), we have
(3.14)
In this case, we may consider locally λ is a function of the arc length s of the integral curve of the principal vector field e n corresponding to the principal curvature µ. From (2.14) and (3.13), we have for 1 ≤ j ≤ n − 1,
Therefore, we have
By (2.14) and (3.14), we have
Thus, we obtain
From (3.6) or (3.11), we get
From the definition of ψ ij , if i = j, we have ψ ij = 0 for 1 ≤ i ≤ n − 1 and 1 ≤ j ≤ n − 1. Therefore, from (2.14), if i = j and 1 ≤ i ≤ n − 1 and 1 ≤ j ≤ n − 1 we have h ijk = 0, for any k. 
From the definition of ψ ij , (3.7) or (3.9) and (3.22) we have
Thus, from the structure equations of M n we have
Therefore, we may put ω n = ds. By (3.15) and (3.17), we get dλ = λ, n ds, λ, n = dλ ds , and dµ = µ, n ds, µ, n = dµ ds . (c), we have
From (3.23) or (3.24), we have
From (3.25) or (3.26), we have
From (3.27) and (3.29) or (3.28) and (3.30), we have
Since we define ̟ = |2αn(n − 1)λ − β| − 2 n for linear Weingarten spacelike hypersurface and ̟ = e −(λ/σ √ n n−1 ρ) for constant ρ Weingarten spacelike hypersurface, from (3.31) or (3.32), we obtain
We can prove the following Lemma:
Proof.
(1) Let c = 1. From (3.5) and (3.33), we get
.
Thus, we have from (3.34) that
Integrating (3.35), we have
where C is a constant. Thus, we have
If the positive function ̟ is not bounded, that is, lim s→+∞ ̟(s) = +∞. From (3.37), we have
we have a contradiction from (3.38). Therefore, we know that ̟ is bounded.
(2) Obviously, if λ > 0, we know that ̟ = e −(λ/σ √ n n−1 ρ) is bounded. This completes the proof of Lemma 3.2.
Proof of (2) in Theorem 1.1. Since c = 1, if the sectional curvature of M n is nonnegative, that is, for i = j, R ijij = 1 − λ i λ j ≥ 0, we have 1 − λµ ≥ 0. From (3.33), we have
ds is a monotonic function of s ∈ (−∞, +∞). Therefore, by the similar assertion in Wei [13] , we have ̟(s) must be monotonic when s tends to infinity. From the assumption of Theorem 1.1 and Lemma 3.2, we know that the positive function ̟(s) is bounded. Since ̟(s) is bounded and monotonic when s tends to infinity, we know that both lim s→−∞ ̟(s) and lim s→+∞ ̟(s) exist and then we get ]), we know that M n is isometric to the hyperbolic cylinder
This completes the proof of (2) in Theorem 1.1.
We prove the following Lemmas:
2n 4 (n−1)α 2 < 0, then P (t) has two distinct real roots t 1 , t 2 and (i) if t ≥ t ′ , then t ≥ t 2 holds if and only if P (t) ≥ 0 and t ≤ t 2 holds if and only if P (t) ≤ 0.
(ii) if t ≤ t ′ , then t ≤ t 1 holds if and only if P (t) ≥ 0 and t ≥ t 1 holds if and only if P (t) ≤ 0.
it follows that the solution of
. Therefore, we know that t ≥ t ′ if and only if P (t) is an increasing function, t ≤ t ′ if and only if P (t) is a decreasing function and P (t) obtains its minimum at t = t ′ . Since P (t) is continuous and 1 − (n−2)β 2 2n 4 (n−1)α 2 < 0, we have P (t ′ ) = 1 − β 2 32α 2 (n−1) 2 (n−2) < 0. Therefore, we know that P (t) has two distinct real roots t 1 , t 2 and t 1 < t ′ < t 2 . (i) If t ≥ t ′ , from the increasing property of P (t), we obtain that t ≥ t 2 holds if and only if P (t) ≥ P (t 2 ) = 0 and t ≤ t 2 holds if and only if P (t) ≤ P (t 2 ) = 0.
(ii) If t ≤ t ′ , from the decreasing property of P (t), we obtain that t ≤ t 1 holds if and only if P (t) ≥ P (t 1 ) = 0 and t ≥ t 1 holds if and only if P (t) ≤ P (t 1 ) = 0. This completes the proof of Lemma 3.3.
By the same method of the proof of Lemma 3.3, we may obtain
has two distinct real rootst 1 ,t 2 ,t 1 <t ′ <t 2 and (i) if t ≥t ′ , then t ≥t 2 holds if and only ifP (t) ≤ 0 and t ≤t 2 holds if and only ifP (t) ≥ 0.
(ii) if t ≤t ′ , then t ≤t 1 holds if and only ifP (t) ≤ 0 and t ≥t 1 holds if and only ifP (t) ≥ 0.
From (3.5), we have the squared norm of the second fundamental form of M n is
Putting t = λ, we have the following Lemma:
holds if and only if S(t) ≥ S(t 2 ) and t ≤ t 2 holds if and only if S(t) ≤ S(t 2 ).
(ii) If t ≤ t ′′ , then t ≤ t 1 holds if and only if S(t) ≥ S(t 1 ) and t ≥ t 1 holds if and only if S(t) ≤ S(t 1 ).
. Therefore, we know that if t ≥ t ′′ if and only if S(t) is an increasing function, t ≤ t ′′ if and only if S(t) is a decreasing function and S(t) obtain its minimum at
′′ , from the increasing property of S(t), we obtain that t ≥ t 2 holds if and only if S(t) ≥ S(t 2 ) and t ≤ t 2 holds if and only if S(t) ≤ S(t 2 ).
(ii) If t ≤ t ′′ , from the decreasing property of S(t), we obtain that t ≤ t 1 holds if and only if S(t) ≥ S(t 1 ) and t ≥ t 1 holds if and only if S(t) ≤ S(t 1 ). This completes the proof of Lemma 3.5.
From (3.10), we have the mean curvature of M n is
Putting t = λ, we easily have:
Then H(t) is an increasing function.
Proof of Theorem 1.2.
(1) For linear Weingarten spacelike hypersurface, putting t = λ, from (3.34), we have is a monotonic function of s ∈ (−∞, +∞). Therefore, by the similar assertion in Wei [13] , we have ̟(s) must be monotonic when s tends to infinity. From the assumption of Theorem 1.2 and Lemma 3.2, we have the positive function ̟ = |2αn(n − 1)λ − β| − 2 n is bounded. By the same assertion in the proof of (2) in Theorem 1.1, we know that M n is isometric to the hyperbolic cylinder is a strictly monotone increasing function of s and thus it has at most one zero point for s ∈ (−∞, +∞). By the same assertion in the proof of case (i), we know that the case t ′ < t < t ′′ does not occur and we conclude that t ≤ t ′ . If t ≤ t ′ , since t < t ′′ and S(t) ≥ S(t 1 ), from Lemma 3.5, Lemma 3.3 and (3.45), we have S(t) ≥ S(t 1 ) holds if and only if t ≤ t 1 if and only if P (t) ≥ 0 and if and only if is a monotonic function of s ∈ (−∞, +∞). By the same assertion in the proof of (2) in Theorem 1.1, we know that (i) in (1) 
